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THE  EFKSCtlVK  HDMrat  OT  FUlSKS.  EBH  BEUfnDTH 
FOR  A SCANNING  RAQIR 


INTRODDCTION 


When  a scaxmlng  radar  of  beanwldthy^  , angular  acannlng  speed  a;, 
and  pulse  repetition  frequency  F scans  past  a point  target , it  is 
customary  to  assume  that  a train  of  n pulses  is  recelred  from  the 
target,  and  that  n s/if/tO  • This  assumption  is  based  on  idealisation 
of  the  antenna  beam  pattern  — that  is,  it  is  assumed  that  the  bea 
has  uniform  gain  over  an  angle  , and  sero  gain  elsewhere.  In  the 
real  case,  the  gain  is  variable  and  a reasonable  x*epresentatlon  of 
the  variation  is  the  Gaussian  or  "error"  function.  The  beamwldth 
is  defined  as  the  width  of  this  function  between  half-power  points,  or 
0.707  voltage  points.  (If  the  power  pattern  is  assumed  to  be  Gaussian, 
then  the'  voltage  pattern  is  also  of  Gaussian  form,  the  only  change 
being  in  the  coefficient  of  the  exponent.) 

The  assumed  ’’number  of  pulses"  figures  in  the  calculation  of 
system  sensitivity  and  range  of  detection  — specifically,  it  affects 
the  calculation  of  the  minimum  detectable  signal  level,  because  of  the 
effect  of  integration.^  Briefly  this  means  that  the  "received  signal* 
consists  of  the  net  effect  of  tt»  train  of  pulses.  The  net  effect  is 
analyzed  in  terms  of  the  signal-to-noise  ratio  for  the  n integrated  pulses 
as  conqsared  with  observation  of  a single  pulse.  In  general  the  resultant 
signal-to-noise  ratio  increases  with  number  of  unlfoxm-a^plitude  pulses 
integrated  (though  not  necessarily  linearly).  It  is  important  to  know 
idiat  number  of  pulses  to  use  in  computing  the  effective  signal-to-noise 
ratio  for  the  train  of  pulses  received  as  an  antenna  scans  past  a target. 

The  procedure  of  taking  the  number  between  half-power  points  of  the 
beamwldth  is  obviously  an  arbitrary  one.  Pulses  of  reduced  amplitude  are 
received  far  out  Arcm  the  beam  center,  the  aiig>lltude  varying  with  angle, 
d,  a^ording  to  some  function  idilch  is  here  assuawd  to  be  of  the  fozm 
, Tbs  two  questions  to  be  answered  are:  (1)  how  auny  of  these 
pulses  are  actually  integrated  — i.e.,  how  far  out  on  the  edges  of  the 
beam  do  the  pulses  actually  contribute  to  the  "signal*  observed  by  the 
radar  operator;  (2)  what  is  the  signal-to-noise  ratio  resulting  from 


If  this  is  not  a familiar  concept,  an  excellent  discussion  of  it  may 
be  found  in  Volume  I of  ths  M.I.T.  Radiation  isboratory  Series,  "Radar 
System  Engineering,"  pp  Ul-7;  Section  2.11  ("Effect  of  Storage  on  Radar 
Perfonumce"). 


this  Integration  of  many  pulses  of  different  anplitudee,  and  idiat  "rectan- 
galar^-shaped  beaiMidth  would  give  this  sane  signal-to-noise  ratio  after 
integration?  If  these  questions  were  answered,  it  would  then  be  possible, 
for  nininun-deteotable-signal  and  naxlBaB-range  conputations,  to  take  as 
the  equivalent  nunber  of  fnll-anplitude  pulsea  integrated,  n,  the  nueber 
oeoarring  in  this  equivalent  rectangular  beasnidth. 

SDMWtRT  or  BE50138 

On  the  basis  of  some  reasonable  assuoqytions  ecmoerning  the  nature 
of  the  integration  process,  it  has  been  found  possible  to  deduce  such 
an  equivalence.  The  result  obtained  is  that  the  equivalent  rectangular 
beaasridth  is  O.U73  tines  the*  half-power  width  of  a Oaussian-shaped 
bean.  Hence  the  equivalent  number  of  full-amplitude  pulses  Integrated 
is  0.473  tines  the  number  usually  assumed.  On  the  basis  that  minLnum 
detectable  signal  power  varies  inversely  as  the  square  root  of  the 
number  of  pulses  integrated,  the  system  sensitivity  computed  on  this 
new  basis  cosqpared  with  the  former  aswinption  (as  to  number  of  pulses 
integrated)  is  maaller  by  the  factor  ^.473  s 0.69  (equivalent  power 
ratio).  This  is  about  1.6  db.  T^ius  a ^correction"  for  this  effect 
may  be  applied  to  ooiqmtations  of  system  sensitivity  already  mads  on 
the  previous  basis  (a  1.6  db  correction). 

The  answer  obtained  to  the  f'<rst  of  the  two  questions  — namely, 
how  far  out  trm  the  beam  center  can  the  integration  process  be  carried 
profitably  — is  0.84  times  the  distance  out  to  the  half-power  point. 

Hhat  this  means  is  that  integration  out  to  this  point  gives  an  im- 
proveMnt  in  signal-to-noise  ratio  greater  than  the  liqprovement  ob- 
tained by  integrating  over  lesser  or  greater  portions  of  the  bean. 

There  is,  in  other  words,  an  optimum  "integration  angle."  The  ex- 
planation of  this  phenosmnon  in  general  terms  is  that  in  any  inte- 
gration process  the  noise  as  well  as  the  signal  is  being  integrated, 
and  tbs  process  is  profitable  only  so  long  as  it  favors  the  build-up 
of  signal  compared  to  the  build-iq)  of  noise. ^ Inasmuch  as  the  signal 
amplitude  is  getting  smaller  and  smaller  with  angular  distance  firom 
the  beaa  center,  while  the  noise  is  remaining  constant  in  amplitude, 
it  is  easy  to  see  why  the  integration  process  should  not  be  carried 
too  far.  On  the  other  hand,  it  is  probably  also  obvions  that,  near 
the  beam  center  where  the  slope  of  signal  amplitude  vs  angle  is  small, 
integration  will  be  beneficial.  Obviously  then  there  is  somewhere  an 
optimum  stopping  point,  which  our  analysis  has  shown  to  be  .844  of  the 
distance  from  the  beam  center  to  the  half-power  point. 


2 Tar  explanation  of  why  the  two  build  iq>  differently  so  as  to  favor  the 
signal  when  the  pulses  are  of  constant  mnpUtude  see  the  reference  of 
footnote  1. 
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In  going  l^OB  this  i*s8ult  to  sn  *s(ialTslflat  roctsngular  beanwidth* 
it  is  of  course  asstased  that  the  obserrer  soMhov  has  the  ability  to 
integrate  only  orer  this  optiaun  angle*  Possibly  this  is  not  too 
rash  an  as8uaQ>tion*  One  can  at  least  ijaagine  than  an  observer  auto- 
matically varies  his  eobeervation  angle*  over  a reasonable  range,  in 
an  attenpt  to  detect  signals,  and  that  this  range  would  inelnde  the 
optijBua  angle*  It  any  rate,  it  is  nfutessary  to  make  the  assumption 
in  order  to  make  a mathematical  analysis*  Moreover,  the  result  obtained 
is,  if  not  cozrect,  on  the  optimistic  side,  meaning  that  the  correction 
factor  may  be  greater  than  1«6  db,  but  not  less  (insofar  as  this  particular 
possible  source  of  error  is  concerned)* 

MATMUTICAL  FCBMPUTIOM  AND  SODJTIOW  OF  THE  PBOBMC 

The  one-way  antenna  voltage  gain  pattern  for  an  assumed  Qaussiai^ 
beam  shape  ist 


where  0 is  angle  measured  with  respect  to  the  beam  center,  0^  is  the 
coordinate  of  the  half-power  (.707  voltage)  point,  and  the  gain  is 
nonnalised  to  unity  at  mid-beam*  (The  ehalf -power  beauwidth*  is  20^^)* 


yor  2-way  (radar)  propagation  this  becomes 


(2) 


The  integration  process  we  are  concezned  with  occurs  after  de- 
tection (demodulation^  Since  ws  are  concerned  with  small  signals 
in  any  discussion  of  wnwi  isTela  of  dlscernibllity,  the  effect 
of  the  detector  on  low-signal  levels  must  be  taken  into  account. 

This  is  approxLmatelv  a square- law  effect  (even  for  a so-called 
UTMiMi*  detector),  and  so  the  law  of  variation  of  signals  as  a function 
of  position  in  the  beam,  as  finally  observed  in  the  receiver  output. 


la 

(3) 


The  effect  of  the  Integration  proeeas  la  analysed  In  tezms  of 
its  effect  on  signal-to-noise  ratio.  After  detection  (demodulation). 


The  representation  of  antenna  beam  shape  by  the  Qausslan  fhzMstlon 
is  based  on  aaqplrloal  studiss  of  praetleal  axAenna  beams.  This  representa- 
tion is  t^ioally  valid  ovar  at  least  the  range  of  bem  are  of  interest 


the  measure  of  signal-to-noise  voltage  ratio  may  be  taken  to  be3 


whereBxf,4  average  value  of  signal-plus-nolse,  1^1  is  the 

average  value  of  the  noise  in  the  absence  of  a signal,  and  <Ji4  is  the 
root-mean-square  deviation  from  the  mean  (standard  deviation)  of_too 
fluct\iations  of  noise.  In  this  expression  wo  may  call 
the  "signal.*  ^ ' 


Qy  an  integration  process  it  is  meant  that  the  effect  of  successive 
signals  (and  noise)  is  additive.  It  is  a well  known  theorem  of  mathe- 
matical probability  theory  that  the  average  value  of  the  sum  of  n randcn 
variables  is  eqiial  to  the  sum  of  the  average  values.  Hence  for  the 
Integration  of  n pulses  all  having  the  same  average  value  the  numerator 
of  (U)  is  multiplied  by  n.  On  the  other  hand,  the  standard  deviation 
of  the  sum  of  n random  variables  is  equal  to  the  square  root  of  the 
sum  of  the  squares  of  the  individual  standard  deviations.  Hence  for 
the  integration  of  n noise  voltages  the  denaninator  of  (I4)  is  increased 
by  the  square  root  of  n.  This  leads  to  the  well-known  result  that  R is 
Increased  by  the  sq\iare  root  of  n;  this  is  the  improvement  in  video 
signal-to-noise  voltage  ratio  obtained  by  video  integration  of  n pulses 
all  having  the  same  average  value.  Because  of  the  square- law  relation 
between  small  values  of  pre-detection  and  post-detection  algnal-to-noise 
ratios,  the  equivalent  pi*e-detection  improvement  factor  is  n Vh.  xhLs 
refers  to  voltage  sigial-to-noise  ratio.  The  equivalent ^e-detect ion 
signal-to-noise  power  ratio  improvement  is  therefore  n ^hls  is  the 

form  in  idilch  experimental  wozic  confirming  this  result  has  usually  been 
expressed. 


When  the  integrated  pulses  are  varying  in  (^litude  in  accordance 
with  the  beam  pattern,  the  "signal*  S * is  a variable, 

following  the  law  of  equation  (3).  (It  is  tim  quantity  S which  varies 
as  the  square  of  the  ore-detection  signal  level,  for  signals  of  the 
order  of  the  noise  or  smaller.)  That  is. 


^ This  concept  of  post-detection  signal-to-noise  ratio  was  proposed  by 
the  writer  in  an  mypendix  to  URL  report  R-3123,  and  subsequently  also 
in  a book,  "Threshold  Signals,"  by  Lawson  and  Uhlenbeck  (HcQraw-Hill, 


Designating  S(0)  as  Sq,  and  assuming  a high  ^density”  of  pulses^ 
the  result  of  integrating  from  an  angle  -Q2  to  -t-92  isi 


trtiez^  R 
angle. 


Here  k is  the  pulse  density,  in  pulses  per  unit 
That  is,  if  the  pulse  rate  is  F and  the  scanning  speed  bi  , 

. The  number  of  pulses  integrated  in  the  interval  -©2  to  +82 


(The  assunqption  of  high  pulse  density  is  necessary  to  justify 
the  use  of  an  integral  rqpresentatim  of  the  sum.  In  ippendix  A,  however, 
it  is  shown  that  this  representation  also  gives  valid  results  for  low- 
pulse-density  cases.  It  represents,  for  such  cases,  the  statistical 
average  result,  which  is  in  fact  the  only  generally  meaningful  and  useful 
result  that  could  be  obtained.) 

Therefore  the  iji^irovement  relative  to  the  mid-beam  single-pulse 
signal-to-noise  ratio  is 


The  object  of  this  analysis  is  to  discover,  if  possible,  the  value 
of  82  which  results  in  a maximum  value  of  A.  Mathematically  this 
corresponds  to  the  condition 


physical  reasonii^  indicates  that  if  a solution  to  (8)  exists  it 
will  correspond  to  a maxUnim  value  of  A*  and  not  a minimum,  and  that 
there  will  be  only  one  maxljnum. 

Fran  (7)  we  get  . , 

, r-  -/.iW 


and  setting  the  right  side  equal  to  zero  gives 


It  will  be  noted  that  the  k has  now  dropped  out,  indicating 
that  the  value  of  02  giving  maximum  A does  not  depend  on  k,  although 
the  assumption  that  kS^  is  large  still  applies. 


The  integral  on  the  right  is  of  the  f crm  of  the  well  known  error 
function  which  is  tabulated,  and  hence  a graphical  solution  to  (10) 
may  be  obtained.  This  yields 

(11)  = 0.  H4 


as  the  optimum  value. 

The  next  step  is  to  calculate  the  "equivalent  rectangular  beam- 
width."  For  a rectanguly  beam,  of  width  2^,  the  integration  im- 
provement factor  would  be  (the  number  Si  pulses  integrated 

w(3uld  be  .)  We  therefore  write  (from  (7)) 

(13) 

— Putting  in  the  value  ©2  ■ and  solving  for  ^ gives 

■ O,U73^0^s  the  equivalent  rectangular  beamwidth.  This  repre- 
sents a reduction  of  radar  sensitivity  of  1.6  db  compared  to  the 
assumption  of  a rectangular  beam  of  width 

FURTHHl  MAHSIS  OF  liCW-PUlSE-DENSITY  CASE 

As  has  been  pointed  out,  the  foregoing  results  apply  statistically 
to  low-pulse-density  as  wall  as  high-pulse-density  cases.  When  the 
analysis  was  first  made,  it  was  suspected  that  this  was  the  case,  but 
the  rigorous  proof  of  the  fact,  given  in  Appendix  A,  was  not  made  until 
later.  Therefore  a detailed  analysis  of  the  low-pulse-density  case  was 
attempted.  The  results  obtained  may  be  of  interest  because  they  indi- 
cate what  may  be  expected  during  any  one  scan  of  a low-pulse-density 
radar. 


For  low  pulse  densities  it  is  necessary  to  use  summations.  More- 
over, it  is  necessary  to  assume  sane  particular  positioning  of  the 
pulses  within  the  beam.  Actually  all  possible  positions  will  occur. 
Two  possible  ones  which  are  synnetrlcal  were  assumed,  as  indicated 
in  the  following  diagrams t 


0 e -*►  0 € 

Tha'^  is^  in  Case  1,  one  of  the  pulses  is  assvuned  to  fall  at  the 
exact  beam  center.  If  the  angular  spacing  of  the  pulses  i.s  ^ , then 
the  other  pulses  fall  at  tZf,t  3^  - • • etc.  In  Case  2,  there 

is  no  pulse  at  the  center  but  the^pulses  are  symmetrically  nositioned 
with  respect  to  the  center  — that  is,  they  fall  at 
t SipA , . etc.  ' 


The  expressions  corresponding  to  (7)  for  these  two  cases  are 


where  n is  the  number  of  pulses  integrated 


Expressions  of  this  kind  cannot  be  differentiated  w ith  respect 
to  n unless  the  summations  can  somehow  be  put  into  closed  form. 

This  does  not  appear  to  be  directly  possible,  in  terms  of  any  known 
functions.  Hcwever,  it  is  possible  if  the  Gaussian  function  is 
approximated,  over  the  range  of  values  of  interest,  by  a second 
degree  parabola.  This  requires  a s\iitable  choice  of  the  coefficients 

a-i,  a2>  *3* 


Choosing  these  coefficients  by  the  method  of  least  squares 


gives 


a2 

*3 


-.54 

-.28 

1 


A con^jarison  of  this  approximation  with  the  actual  function  is 
shown  in  the  curves  of  Figure  1. 

Substituting  this  approximation  in  (13a)  gives 

(_  m-l  ' ^ '^,1  \ 


The  first  two  of  these  summations  are  readily  evaluated,  as 
follows : 


(16) 


(17) 


(^) 


■w=x 


n-/ 


(^) 

7fl  = 

'rti=l 


n-f 


(arithmetical  progression) 


2 

^ This  was  done  by  expanding  e ^ in  the  first  three  terms  of  a series 
of  Legendre  polynomials,  which  can  be  shown  to  give  a result  satisfying  the 
•least  squares"  criterion.  I am  indebted  to  Mr.  L.G.  McCracken  for  suggesting 
this  method.  The  value  83  * 1 may  seem  somewhat  improbable  as  a least-square- 
fit  val\M.  It  was  obtained  by  sUde-xoile  conpitatlon  and  is  therefoz^  not 
exact,  but  a more  accurate  computation  was  deemed  unnecessary  because  of  the 
good  results  obtained  with  these  values  of  the  coefficients. 
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The  third  summation  can  be  ^own?  to  be 

Ji’"  ' "1? 


m/lml 


Thus  (15)  can  be  expressed  in  completely  closed  form,  giving, 
for  Case  1: 

Differentiating  this  with  respect  to  n and  sotting  the  result 
equal  to  zero  gives 

(20)  o.‘r35'(^)»^  - + o.^Jyi  -p  o>3ii  (^)  » 0 

k similar  process  applied  to  (13b)  gives  for  Cass  2t 

(21)  Ai(«) » n 1 j*‘j 

and  as  the  relation  for  maximum  R2t 

(22)  n%0.‘?35(||n 0.2]=  0 


B7  multiplying  (20)  through  tgr  n“^  a striking  similarity  to  (22) 
is  obserred,  which  indicates  that  the  optimum  value  of  n for  the  two 
cases  is  different  only  when  the  optimum  value  is  small  — l.e*>  when 
the  pulse  density  is  quite  low. 

Equations  (19)  through  (22)  were  applied  to  a particular  case 
representing  ty]^cal  radar  operation  at  low  pulse  density.  The 
values  assumed  weret  scanning  speed  (<u)  200  degrees/second,  bean- 
width  (29i  9.  A ) 3 degrees,  and  pulse  rate  (F)  300  per  second.  Hence, 
O.Iiitli.  (These  figures  are  reasonable  practical  valiies, 
but  so  far  as  is  known  they  do  not  represent  any  actual  radar  system.) 
For  Case  1 the  optimum  value  found  was  n s 3*6,  and  for  Case  2,  n s 3.63. 
(For  Case  1 the  solution  of  the  cubic  equation  (20)  was  obtained 
graphically,  and  only  two  significant  figtires  were  considered  .iustiHed. 
For  Case  2 equation  (22)  is  of  course  quadratic  and  the  solution 
was  found  to  three  significant  figures.  The  two  results  are  obviously 
very  nearly  the  same.) 

In  Case  1,  the  actual  number  of  pulses  mvtst  be  an  odd  integer, 
and  thus  would  be  either  n s 3 or  n ■ 5.  To  determine  which  of  these 
values  to  take,  was  calculated,  from  (19),  as  follows: 


n 

3 

3.8 

5 • 

Al(n) 

1.U7 

1.50 

1.U3 

Thus  n : 3 is  the  best  value. 

For  Case  2 the  number  must  be  an  even  integer,  which  would 
obviously  be  n ■ U.  Substituting  this  value  in  (21)  gives  ■ 1.U9* 
The  consistency  of  all  these  results  seems  very  good. 

The  eoqpresslons  (19)  through  (22)  obtained  for  low  pulse  density 
are  in  no  way  restricted  to  low-density  cases,  although  (11)  may  give 
a more  accurate  result  in  high-pulse-density  cases  because  of  the 
approximation  (iJ:)  used  in  obtaining  equations  (19)  through  (22). 

When  high  pulse  density  is  assumed,  for  equations  (20)  and  (22)  it 
is  apparent  that  n»l,  ^/©•1«  1,  and  is  of  the  order  of  1. 

Applying  these  relations  to  both  (20)  and  (22)  so  as  to  discard  terms 
involving  nP(<p/0j^)H  irtiere  q > p,  both  equations  reduce  to  a form 
involving  the  variable  u s n^  . 

(23)  u2  ♦ 0.935u  - li.Ui  . 0 

for  which  the  solution  is  u s 1.698 
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In  the  symbols  of  equations  (6)  throu^  (12)  this  neazBt 
(2li)  92  a 0.81*963^ 

Conparlng  this  vdth  (11)  it  is  seen  that  the  two  results  are  in  Ter7 
good  agreement.  This  indicates  that  the  approximation  (lii)  is  a good 
one* 
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APFESDU  A 


This  AFP«>i<iix  is  a proof  that  the  integral  solution  of  the  problen 
is  Talid  not  only  for  a dense-pulse  case  but  also  for  low-pulse -density 
eases.  This  proof  was  worked  out  by  Mr.  V.  8.  Alderson. 

Siqppose  that  the  total  angular  interTal  f^rom  - Oo  oonUdns 

(n  1)  pulses  s^rated  by  angular  interrals  of  wldthAO.  Within  the 
rangd  - O2  ^ ^ set  of  n pulses  aay  take  an  infinite  nud>er  of 
posltlonings  (that  is^  azy  one  of  the  pulses  may  have  a position  any- 
where within  the  interralA^)*  On  any  one  scan  of  the  radar  a particu- 
lar positioning  will  occur,  and  a particular  ralue  of  R will  be  ob- 
serred  (see  e<iuatlons  k»  6,  and  13%  For  purposes  of  oooputing  radar 
sensitivity  or  maxi  mum  rmge,  the  average  value  of  R over  a great  aai^ 
observations  (or  scans)  is  required. 


On  any  single  scan,  let  the  pulses  occurring  in  the  interval  - Oo  bo 
♦ Oj  be  numbered  from  -n/2  to  +0  2.  Let  the  angular  position  of  the  3*^ 
pulse  be  Cj.  Using  notation  slMllar  to  that  of  equation  6,  the  mplltude 
of  the  Jbh  signal  pulse  after  detection  may  be  denoted  as  S(d^}.  Then 
the  integrated  signal-to-nolse  ratio  after  detection,  as  given  for  a low- 
pulse-denslty  case  by  equation  13,  will  be 


sc«j) 


VmT"  (T 


where  (Tie  the  rms  noise  voltage. 


This  result  holds  Ibr  any  particular  positioning  of  the  pulses. 
The  average  over  all  possible  posltlonings  nay  be  written 


I 

<r 


i 
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If  one  interval  AO  ^ sub-divided  into  I eq^Uy  spaced  sub- 
intervals, so  that  the  ml^®  sub-lateirval  of  the  interval  is 
located  at  angular  position  C^,  we  aay  write 
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yk 
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J— "A 
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R r 
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Hsra  '/4e  corresponds  to  the  "pulse  density**  k*  in  equation  6. 
Siailarly  the  quantity  (n+1)  can  be  re-written  as  (2  k 92)*  giving 

V5k6k  0- 

which  is  seen  to  be  essentially  aquation  6.  Thus  it  has  been  demon- 
strated that  this  equation  applies  to  low-pulse -density  cases*  in  a 
statistical  average  sense*  as  well  as  to  hlgh-pulse-density  cases* 

This  proposition  has  been  proved  rigorously  here  only  for  the 
ease  where  299  ■ (n't  1)^9.  It  is  also  true  for  "integration  angles” 
that  are  not  integral  oaltlples  of  A9*  but  it  was  felt  that  the  ad- 
ditional proof  would  not  be  of  snffLoient  value  to  the  reader  to  Justify 
its  Inolu^on. 


